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Abstract

A non-linear multi-mode of vibration arises from the coupling of two or more normal modes of a non-linear system
under free-vibration. The ensuing motion takes place on a 2M-dimensional invariant manifold in the phase space of the
system, M being the number of coupled linear modes; the manifold contains a stable equilibrium point of interest, and
at that point is tangent to the 2M-dimensional eigenspace of the system linearised about that equilibrium point, which
characterises the corresponding M linear modes. On this manifold, M pairs of state variables govern the dynamics of
the system; that is, the system behaves like an M-degree-of-freedom oscillator. Non-linear multi-modes may therefore
come about when the system exhibits non-linear coupling among generalised co-ordinates. That is the case, for instance,
of internal resonance of the 1:2 or 1:3 types, for systems with quadratic or cubic non-linearities, respectively, in which a
four-dimensional manifold should be determined. Evaluation of non-linear multi-modes poses huge computational
challenges, which is the explanation for very limited reports on the subject in the literature so far. The authors devel-
oped a procedure to determine the non-linear multi-modes for finite-element models of plane frames, using the method
of multiple scales. This paper refers to the case of quadratic non-linearities. The results obtained by the proposed tech-
nique are in good agreement with those coming out from direct integration of the equations of motion in the time
domain and also with those few available in the literature.
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1. Introduction

According to Boivin et al. (1994), Boivin et al. (1995a) and Boivin et al. (1995b), non-linear multi-modes
of vibration can be understood as an extension of the non-linear normal modes, in the case two or more of
them interact. Such interactions are stronger in presence of internal resonance. The ensuing free vibration
motion takes place in an invariant manifold embedded in the phase space, whose dimension is twice the
number of the normal modes which interact. This manifold contains a stable equilibrium point, and is tan-
gent there to the sub-eigenspace of the linearised system, which characterises the corresponding linear
modes. The multi-mode can be locally described by a linear combination of the linear modes. On this man-
ifold, the system behaves like an M-degree-of-freedom oscillator, where M is the number of coupled normal
modes.

Both non-linear normal modes and multi-modes may be efficient projection functions to be used in the
reduction of degrees of freedom of non-linear systems, according to Mazzilli et al. (2001).

The authors developed a technique based on the method of multiple scales to evaluate the non-linear
multi-modes of discrete systems whose equations of motion are of the form of (1). Such a technique is
an extension of the procedure already proposed by them with success to the evaluation of non-linear nor-
mal modes, see Mazzilli and Baracho Neto (2002).

For simplicity and conciseness in the presentation, this paper will consider only systems in which the
quadratic non-linearities are the important ones, such that there are only two coupled normal modes in
internal resonance, their linear frequencies being in the 1:2 ratio. For systems with cubic non-linearities
and internal resonance of the 1:3 type, reference is made to Baracho Neto and Mazzilli (2005).

Suppose the equations of motion for a non-linear system with n degrees of freedom are of the form (1),
which is sufficiently general to accommodate not only systems that are naturally discrete, but also those
discretised by the finite-element method. That is, for instance, the case of planar frames, see Mazzilli
and Baracho Neto (2002).

Mrsﬁ; + Drspg + U,r = egyr (1)

M, ="M, + "M, p, +*MUpp,
Dy =Dy +'Dlp, +2Dipp, (2)
U,r = OKrsps + lKispips + zKlrjspr]ps

[M] and [D] are, respectively, the matrices of mass and equivalent viscous damping, and {U} and {F} are,
respectively, the elastic force and the applied load vectors. This latter one is usually null in modal analysis,
unless vibration about the deformed equilibrium configuration is being considered, in which case it is a sta-
tic load vector. The generalised co-ordinates, velocities and accelerations are written as p;, p; and p;. Ein-
stein’s notation is being used throughout the text, so that repeated indices mean summation from 1 to n,
unless otherwise stated. Note that system (1) comprises both quadratic and cubic non-linearities, although,
in the present study, only the quadratic non-linearities are assumed to be the important ones.

2. Non-linear multi-modes for 1:2 internal resonance: time response

Non-linear multi-modes of systems with quadratic non-linearities tuned into 1:2 internal resonance are
now sought with the help of the method of multiple scales. The output will be the time response of each
generalised co-ordinate in the form of an asymptotic expansion of a small positive non-dimensional pertur-
bation parameter ¢. Note that the real time ¢ is replaced by several time scales T}, as defined below.
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dn
Ty=év D=
N T
pi(t):pi0+8pil(T07Tl7"‘)+82pi2(T07T17"')+63pi3(T07T17"')+"'

=Dy +eDy +&Dy+ -

= D} +2¢DyDy + &*(2DyD; + D7) + - - -

&l ela

Here, pjy refers to the static equilibrium configuration. After consideration of (2) and (3) in (1), as usual in
the method of multiple scales, the equation of motion will be written as

"M, {[Dg + 2eDyDy + & (2DoDs + D7) + - -] (pg + &P + €D + P +-++) }
+°D, [(Do +eDy 4 &*Dy + - - ) (pso +epy 4+ &py +Eps + - )]
+ K (pyo + 800 + EPo +Eps + ) + M (po + epa + Epa+Eps+ )
X { [DS +2¢DyD; + & (2DOD2 —|—D%) + .- ] (Pso +&py + szps2 + s3ps3 + - )}
+ D5 [(Do + &Dy +&?Da + ) (py + 6Py + &P + E'pis + )]
X [(Do+eDy +&Dy + ) (P + &Py + P + P+ )]
+ K (P + o+ Epp +Eps+ ) (o Fepg + P FEPs )
+2M (P + &0n + P+ 8P + ) (P + oy +Epp TP+ )
x {[D +26DoD1 + & (2DoDs + D7) + | (P + 6P + Ep + € + ) }
+2DI[(Do +&Dy 4+ &Dy+ - --) (pig + 8Py + P+ P + )]
< (P +epp +Epp+Epp+ ) X [(Do+eDi +&Ds+ ) (po + ey +Epo +EPs + )]
+ 2K (Do + ep + Epn + &P+ ) (D +epp + &P +E D )
X (po+epy +Epo+epa+--7)
=7, 4)
Obviously, for static reasons, the following relation must hold:

"K,spyo + 'Kl popy + ZKZPiopjoPso +- =7, (5)

2.1. Equations of order ¢

If only terms of order ¢ are retained in (4), the free vibration problem of systems linearised about the
equilibrium configuration will appear

"M Dip,, + "D Dop, + Kipy =0 )
where
"My ="My + M, po + M papy
°D;, =D, -
K ="K+ (K, + K)po + (ZKZ +2K5; + ZKi{>Pfop/0
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are respectively the mass, damping and stiffness coefficients evaluated at the equilibrium configuration.
Solution of (6) is simply

pa = Aae’™; Ay = A4(T1,Ts,...) (8)
which, taken into account in (6), will lead to

(P*°M; + ¥°D; +°K )4 =0 Vr,s=1ton. 9)
This is the classic damped eigenvalue problem, for which the solvability condition is the characteristic
equation:

det (P*['M*] + ¥[°D*] + [’K*]) =0. (10)
The case of sub-critical damping of order O(¢) is here assumed, so the roots of (10) are complex

V,=o,+1f,; u=1ton (11)

A convenient amplitude 4;,—corresponding to the uth mode contribution to the non-null generalised co-
ordinate p,—is used to normalise the remaining modal amplitudes and define the corresponding modal
eigenvectors

u

u,v,s=1ton

Ay .
) S u :>Au — uAlf — Lf—’—léu ‘,41'17 . 12
Ay, ¢ = gl = (4 no sum in u (2
Without the risk of ambiguity, a lighter notation can be used for the modal amplitudes
Al =AY
vl 1 (13)

Al = Ay = (7 +16Y)4}; no sum in u

To the two resonating modes will be assigned indices I and II, respectively to those of smaller and larger
frequency, so that the time response, to the order of ¢, of a free vibration motion which contains solely con-
tributions from these two modes can be written as:

py = AL e 4 4%e"T0 o = ¢laje™T 4 gl Alle"n T 4 coc. (14)
Note that (14) indicates that locally the motion takes place in the invariant manifold associated to this mul-
ti-mode, i.e. the invariant manifold is tangent to the sub-eigenspace of modes I and II.

2.2. Equations of order &

Terms of order & are now retained in (4):
"M; . Dipy + "D Dopy, + K py = _2(0M s+ Mipy+ M ZP;‘OP/‘O)DOD 1Pg — "DyDipy,
- (‘M py + 2M££p;‘0Ptl + ZMijOPil)Dgpsl
— ("D, +*DIpjo) (Dopis Dopy)

— ('K + Kb + *Kipyopa + *Kispapa )P (15)
Consider the following auxiliary expressions, which take into account the 1:2 internal resonance:
Y’I + ?I = 20(1
Yy 4+ Py =20
1T II 11 (16)
Yy—2% =AY

Y+ V1 = P+ o + 1A
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where
AY = Ao+ 1Ap
Ao = oy — 20 (17)
AB = By — 2Py

It is assumed that the difference between ¥y and 2% is a small complex number AY. This is a reasonable
assumption provided the linear frequencies are nearly in the 1:2 ratio, i.e. fy = 2f;. It is therefore assumed
that Af = O(¢), and the damping is small and sub-critical for both modes, so that Ax = O(¢). Next, (14) and
(16) are considered in (15) to justify that the order &* correction to the time response should be of the form

Po = AizeWITo —‘y—AgelP“TO _;’_Bge”’llTo + Csze('l’ﬁ?’u)fo + FizethO + FgehuTo +ec.oc. (18)

The coefficients of (18) can be determined once (14) and (18) are taken into (15) and each frequency com-
ponent is studied separately.

2.2.1. Terms in e¥1To
(Pi°M;, + WD}, +°K;) 4,
= —2‘1/1‘1).5 [(OM” + lMispio + ZMprop/O)]DlAI - (l"I.ODrsD1A£

- ('P%I_Ed’n + V7 (f) 0! ) ( M, 2M’mp,o + 2M¢YPJ0)A11A{I exp ((an +1AB)To)

- ¥y (‘3)1 b, + $S¢II'I> (1 D, ZDZSPJO)AlA%l exp ((our +1AB)To)

— (di0! + 417 lKiJliA‘f exp (o +iAB)Ty)

— (191 + Bal") (CKiipp + *Klipp + 2K5ipp ) A1AY exp (o +iAB)T) (19)

It should be recalled that (10) implies that the matrix [°S] = Y*[°M*]+ P[°D*]+ [°K*], that appears on the
left-hand side of (19), must be singular. Hence, for (19) to have solution, it is necessary that the determinant
of the matrix obtained by the substitution of any column of [°S] by the vector of terms on the right-hand
side of (19) be null, according to Cramer’s rule. This is precisely the solvability condition for the & terms
associated to the eigenvalue ¥1. Such an imposition will lead to a differential equation of the form:

. C = iA
(aj +iby)D1 A} + () + 1a’1)AiAIlI exp (M T1> =0 (20)
where a;, by, ¢; and d; are real numbers.

2.2.2. Terms in e¥uTo
(‘P% OM* + IPHOD* 0K *>Ag
= 20 ("M + Mg+ *Mpopy) |Didl = 41D, Dy

— Vi, (‘"M +*MIp, +>Mip,) (All)2 exp(—A¥T,)
- Vi¢;0.('D, Dmp,o)(A‘l)zeXp (—A¥T,)
-9l ('K, 2Kivp,o *Kipy + Kiipp ) (A1) exp(~AYT) (21)

The reasoning for the ¢* terms associated to the eigenvalue ¥; applies likewise to the solvability condition
associated to the eigenvalue ¥y1. Such an imposition will lead to a differential equation of the form
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. . AY
(az + lbz)DlAIII + (C2 + ldz) (AII)Z eXp (_TTI) =0 (22)
where a,, b», ¢> and d> are real numbers.

2.2.3. Synthesis for terms in ¥’ and e¥n7o
The system of non-linear differential equations given by (21) and (22) has as unknowns the complex
modal amplitudes 4] and 4. The solution can be searched in the form

1 .
Al = S exp(if)
(23)

1 .
A{l = EGH exp(19n)

where ay, ay, 01, and 0y are real numbers. The system (21) and (22) is then replaced by the system of four first-
order non-linear differential equations in the aforementioned real unknowns, with respect to the time scale 7'

apag €Xp (% Tl)

Dlal = - 2 3 [(CZ]C] + bld])COSVl + (b]C] — aldl)senyl]
2(@) + (Y]
2 Aa
2T
DlaII = - (aI|:)( e))(p( ( ) j) [(ClzCz + bzdz) Cos Yy — (szz — azdz)senyl]
(24)
11 T
D, 0; = %()2 [(bic1 — ardy) cosy, — (aje; — bidy) seny,]
2{(01) +(b1)}
2 Ao
exp (—22T
D6y = (a1) pz( & 12) [(bacy — axdy) cosy, + (arcy + bad,) seny]
2611[ |:(az) + (bz) :|
with
A
9 = TBTI + Oy — 20; = At + Oy — 20, (25)

Such a system does not have closed-form solution, but can be integrated numerically. The authors have
implemented a routine to integrate the system (24), using a Runge-Kutta algorithm within a symbolic
mathematics package. For details, refer to Baracho Neto (2003).

2.2.4. Terms in &¥n7o

(4'{/2 OM* 4 ZTHOD* OK* )Bg _ —W%IIM; ¢H¢H (AH> ){/%I (2Ml] 2Mjl >pjo¢H¢)H (AH)

(1D, + D) 01 )’
- [ (R 2k ) 100 a1 26

Therefore
Bl = (A1) = (e i) ()’ 27)

where e Tand ¢ ’H are real numbers.
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2.2.5. Terms in eT1+7)7o
(214 #0) M, + (9 + n)°D), + K| o
= 2100 LA @R Ll g1
— (B! + VL) CME M) p !
— W1 ¥ux('Di +*Dip) (d; 9 + by )A14Y
- [IK;S + (ZKQS + 2K 2KS’)ij} (Pl + Pl ) 447
Therefore
Co = n 4y = (o, +it) 447
where o, and 1, are real numbers.
2.2.6. Terms in &0
(402°M, + 20,°D%, + 'K ) FYy = —W2[' M+ (MY + M7 ) po) b, 4, AL
- (‘"D + 2D'fp,0)¢ PLA 4!
— 'K+ (KY +2K0 2K ) po| i1,
Therefore
Pl = 2L = (i + )2
where y! and v! are real numbers.
2.2.7. Terms in &*1To
(402 M, + 200,°D7, + °K7 ) FYL = — 92 M b, </>HA AT =2 MY 4 M) podr ¢1A) AT
— ¥y lIIH( D! rspj0)¢ d)"A AII
e (£
Therefore
FIU =404l = (@ 4 v 4 4t

where p!' and v!' are real numbers.

2.3. Overall synthesis

5801

(28)

(29)

(30)

(31)

(32)

(33)

After integrating system (24), order ¢ terms in the power expansion of (3) will be determined. Also, tak-
ing into account (23), all relevant coefficients of the order & solution will be known, from (27), (29), (31)
and (33). Note that terms in e¥170 and e*170 in (18) can be neglected, since they can be included in the cor-
responding terms of the order ¢ solution. Of course, the expansion could be developed further to the order
¢ solution and on, but the mathematics would be too costly, specially because the main qualitative features
of the 1:2 internal resonance would already be captured. Of course, truncation of cubic non-linearities may
have quantitative influence in the output. Anyhow, after some simplifications, the non-linear multi-mode
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would be characterised by the time functions of each generalised co-ordinate p (and, by derivation, each
generalised velocity p,)

Ps =Dy T & 3 ae’e 5 aie™’e

(Vi + iéi) ot Ai(Brt+0r) + ("/i — iéﬁ) ot i(/ilt+6[)‘|

1

11 s ST
P+ 10,
(/3 s ) 82 I:/;s (a1)2:| e2fx11

| (1 — i) |
5 allemllel<ﬁul+9ll)+ s s aHequle*I(ﬁuHﬁn)

+¢& >

M1

+ & “7 (an)z] el 4 g2

(' +i&")
4

2 ‘ .
(a") ] ezxurezl(/;nmeu)

(oot il (Br B )1+ (01+01)]

B [ | .
2 (?{I — 1@ ) (a”)Z] 2ot o= 2i(But+0n) g2 {(GS + m) el

2 2 ala”} €

2 (O'x ; 17:3) aIaII:| e(“l+°‘ll>te*i[(/;l+ﬁll)t+(91+HII)] (34)

or, in real notation

Ps =Dy + 5’16“‘2[“/; cos(fyt + 0r) — 51 sen (Bt + 91)]
L.
+ ane™ [y cos(Byt + On) — 8, sen (Bt + On)| + 3 (@)’ e

. , 1. .
+ (an)zu?eh“’ + 3 (an)zeh”’ [e? cos 2(Byt + ) — gil sen2(fyt + HH)]

—_— N =

+ 5 aane™ W' g, cos [(By + Pu)t + (0 + Ou)]

—_ N

— S aane™ V' sen[(fy + )t + (0r + On)], (35)

[\

where a; = ea; and ay = eay;. For details, refer to Baracho Neto (2003).

3. Non-linear multi-mode for 1:2 internal resonance: invariant manifold

To emphasise the topological structure of the non-linear multi-modes, the associated four-dimensional
invariant manifold will be explicitly determined in this section from the time response obtained in the pre-
vious section. Note that a four-dimensional “surface” will be determined in the phase space, so that once
the system is set to vibrate with initial conditions on this “surface”, it will describe phase trajectories wholly
constrained to this “‘surface”, thus justifying the denomination “invariant” manifold. From (34) it is
written

82

(i) e

Ds = Py + % ('V; + ié;)alex'teiwl +§ ('V;I + iél])ane“"’ei“’” +

)

&
4
& -
+ Z (O-s + irs)alane(“‘””)’e’(”"*")”) + c.c. (36)

2
+ (ﬂil+iv£l)(all)2ezam+%(6§1+iéil)(aH)Zezautelzwn
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with
wp = pit+0
1= bt b (37)
on = Pyt + On
The generalised velocities can be obtained by derivation with respect to time, according to
dp, .
(ié = p, = Dop, + eDip, + (&%) (38)
Hence
2
. & . . ; g . . ; g .
Py =75 (70 +100) (o + ifr)ane™ e + 2 (7" +0,7) (om + i )ame™ e + = (u; + Vo (ar) e
€, 2o & : 2 2oyt 20
T (" + v )om (an) e + 5 (&' +1i&)) (or + ify) (am) e e
2 2
+ % (0 + ity)[(ou + o) + i(By + Puy)Jarane ™ wrelrren) % (7} + 16y aaay e el
2 .
- % (" + o) b(ar) et + c.c. (39)
where
1
Zl:ﬁ[(aﬂ?] —‘rb]d])COS”/l —|—(b]Cl —aldl)senm (40)
(@) + (B1)’]
- 1
b= ﬁ [(azC‘Q + bzdz) COS Yy — (b26'2 — ledz) senyl}. (41)
(@) + (b2)]

It is meant to describe the four-dimensional invariant manifold in terms of the modal variables Uy, V;, U,
and V>, as indicated by

P =P+ FaU 4+ FoUs + FaV i 4+ FuVy + Fs(U)) + Fy(U) + FU Uy + FgU, ¥V,

+ FoUsVa+ FaoU Vy + FanUaVi + Faa (V1) + Fas(Va)* + FaaV1 V> )
b= GaUy + GolUs + GV + GuVa + Gs(Uy)’ + Gy(Ua)* + GaU Us + GsUy 7,

+ GoUsVy + GoU 1V + G Us Vi + G (V1) + Gas(Va)” + GaaV i Vs,

Any two pairs of generalised co-ordinates (such as p, and p,,) and velocities (such as p, and p,,) can be used
to define the modal amplitudes (U;, U,, V| and V>, respectively), provided they are not identically null. The
modal amplitudes time responses are explicitly given by the following expressions, once the initial condi-
tions are set

Ul:pv_pvo
& aptaiop | €m | sl ot i &0, 2 Dot &€ u, . 2 Doyt
= aet'e '+§(yv + 16, Jane™'e "+Z(,uv+1vv)(a1) e’ +Z(H” +iv)') (an) "™

2 2
& . 2 : & . i
+ Z (eil + léil) (aII) eZothelZmH + Z (O-L' + lrv)alane(aﬁroql)tel(w1+(u11) +ecoc.
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Vi=p,
€ oyt Aoy ¢ /n NI . oqrt Ao & I -1 2 Doyt
E(oq +iB;)are™’e +5 (v +10, ) (r + 1By )ane™’e —|—§(,uv +iv}) e (ar)e
2
2 & . . ;
+ 5 (ﬂl + 1v )o(“(a”)Zezmuf + 5 (eil + 16?) (o + lﬁn)(a“)zehutenzwu
2
& . . i(e 0
+ g (o in)[ (o + o) + (A + Bu)]araneromielrren
&1, i & L N, 2 2t
-7 (7! + 18} ) aayape ™ e — 7 (v +10, )b(ar) e e + c.c. (43)
U, = _ — E ol '51 opt Slop E oqpt Slong é 1 C3 | 2 2oyt é 11 - 10 2 2apt
2 pw pr 2 (/)w +1 )Cl e e + 2(1[16 € + 4 (luw + 1vw> (Cl[) € + 4 (luw + le)(aH) €

[S]

2
& . 2 i & .
+7 (! +i&l) (an) e n’eon 4 1 (0, + ity )ayaye ™ iellerten) ¢ e

2

e ) . g : : g .
Va=pw=3 (7, +10,,) (o + iBp)are™'e™ + 5 (o + iBu)ane™'e " + 5 (1, + V), )ou(ar) ™
& o, ;.1 2 ot & M sl . 2_Duyt Ai2on
+5 (ply + v oy (a) "€ + 3 (el +1&,) (o + ify) (an) €™ 'e
2 2
g : g : <
+ 7 (o +1t,)[(o + o) + (B + ﬂII)]ClIaIIe(“IM")te'<w'+w”) vy (“/L + 15L)ZzaIaHe“‘*‘“”)’e“‘”
&2
5+ iol)Bla) e +ec (44)

It remains to evaluate the coefficients Fy; to Fy14 and Gy to Gy4 to each one of the degrees of freedom
s=1,...,n. It can be accomplished following the steps: firstly, (36) and (39) are inserted into the left-hand
side of (42), while (43) and (44) are inserted into the right-hand side of (42); secondly, for each order of &,
the terms on the left-hand side are identified to those on the right-hand side for each linearly independent
exponential function, so that linear systems of complex equations will be obtained; thirdly, after separation
of real and imaginary parts, these systems can be transformed into linear systems of real algebraic equations
in the coefficients F; to Fyi4 and Gy to G4, which can be finally solved. For brevity, the explict expressions
for the coefficients Fy; to Fy14 and Gy to Gyp4 will not be shown here. The authors implemented a compu-
tational procedure to determine them, using a symbolic mathematics package. For details, refer to Baracho
Neto (2003).

4. Example 1: three-degree-of-freedom quadratic oscillator

For the sake of initial benchmarking of the procedure, even before the finite-element implementation
had been pursued, a few test problems were considered. This section refers to one of the very first of those
tests, namely that of a three-degree-of-freedom oscillator with a quadratic-law spring, as seen in Fig. 1.

The assumed non-linear spring laws state that the spring forces are k;A; — Ik,-Af, i=1,2,3, where A;
stands for the spring deformation. Hence, for positive k; the spring has a softening non-linear behaviour,
whereas for negative k; the spring has a hardening non-linear behaviour. As for the linear viscous dampers,
the dissipative forces are ¢;A;, i = 1,2,3, where A, stands for the spring deformation velocity. The following
parametrisation is introduced for convenience:
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Fig. 1. Three-degree-of-freedom quadratic oscillator.

m; = ﬁ’lll’;’l myp = ﬁ/lzi’;’l ms3 = ﬁ’l';ﬁ/l

Ccl =C|C C)=1C)C C3=C3C (45)

ki =kik ky=kk ky=ksk
It will be seen that an adequate choice of the system parameters can be made to assure that a 1:2 internal
resonance happens between the second and the third linear modes. In such conditions, the results obtained
with the proposed procedure are compared with those coming out of direct numerical integration and very
good agreement is observed, in terms of the time responses for each of the three degrees of freedom. It is
also seen that, once two of the generalised co-ordinates are chosen as modal variables, the third co-ordinate
can be expressed in terms of them, as one would expect to see, had the invariant manifold technique been
used (which, by the way, is not trivial at all to apply here). It is seen that the procedure is capable of extract-
ing such explicit analytical relationship of the third generalised co-ordinate in terms of the chosen modal
variables. Moreover, the response of this extracted third generalised co-ordinate, is still in excellent agree-
ment with the multiple scales results, as desired.

4.1. Equations of motion

The equations of motion for the three-degree-of-freedom system of Fig. 1 can be written as in (1) and (2),
with

m 0 0 c1+o —C) 0
[OM] =m| 0 m 0 |; [OD] =c —Cy c,+c3 —C3|;
0 0 m 0 —c c
0 3- 3 3 (46)
ki +ky —ky 0
K] =k| ~k ktk ks
0 —k3 ks
__([kl - kZ) —kz 0 —Ikz [Kz 0
[IKI] = —”’62 kz 0 ; [IKZ] = [Kz —(kz — kg,) —”’63 ;
0 0 O 0 —lk e
- } ’ (47)
0 0 0
=0 —k
0k ks

It can be seen that the third undamped linear frequency is approximately twice the second one when the
following choice of parameters is made
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le_lz, 54m27cz 1133_ llc; =1 (48)
In fact, the three undamped linear frequencies, in this case, are

p, =0.5449 rd/s; f, =1.1809 rd/s; [, =2.3619 rd/s =24, (49)
The following parameters have also been assumed

m=1kg k=1N/m; [k =l =k =025N/m? (50)

Two simulations are considered, a damped system and next an undamped system, just for the sake of dis-
playing, for a longer period of time, the non-linear effects present in the multi-mode. In both simulations
the generalised co-ordinates p; and p,, and their time derivatives, were taken as modal variables of modes 11
(third mode) and I (second mode), respectively.

4.2. Damped system

For the damped system with ¢ =0.1 Ns/m and ¢, = ¢, = ¢; = 1, evaluation of the non-linear multi-
mode, coming out of the strong coupling between the second and the third linear modes, was performed
following the proposed procedure. The damped frequencies (B, =0.5449 rd/s, B, =1.1798 rd/s and
B3 =2.3573 rd/s =2 23,) are slightly different from the undamped ones—see (49). The associated damped
free-vibration responses for all generalised co-ordinates were determined, such as that shown in Fig. 2
for the generalised co-ordinate p,, for a specified set of initial conditions @;(0) = 0.10 m, a;;(0) = 0.01 m,
61(0) =0 and 6y(0) =0, which lead to p;(0) =0.1829 m, p,(0) = —0.0251 m/s, p»(0) =0.0799 m, p,(0) =
—0.0017 m/s, p3(0) = —0.2299 m and p;(0) = 0.0278 m/s. Even in the early stages of the motion, it is al-
ready noticeable how different the linear and the non-linear solutions are. Furthermore, a good agreement
is visible between the results of the proposed procedure and those of numerical integration.

01

0.08

0.06 A

m linear system

/ \ A K‘\// multi-mode procedure and direct integration

pa(t)
o

-0.02 f

-0.04 \\ i

-0.06 \ / \/)
Y

R

t (s)

Fig. 2. Time-response p,(¢) of a damped system.
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4.3. Undamped system

For the undamped system, the exchange of energy between the third and the second linear modes goes
on indefinitely. Figs. 3-5 show the comparison of results among the linear analysis, multi-mode procedure
and direct numerical integration. Again, even in the early stages of the motion, it is readily noticeable how
different the linear and the non-linear solutions are. With regard to the multi-mode procedure, it is worth-
while mentioning that the extracted generalised co-ordinate, defined in terms of the other two generalised
co-ordinates and velocities chosen as modal variables, in the manner equivalent to the invariant manifold
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description of the multi-mode, agrees very well with the original time response. The initial conditions in
terms of modal amplitudes and phase angles remain the same as before, that is, @ (0) =0.10m,
ap(0) = 0.0l m, 61(0) =0 and 0p(0) = 0, nevertheless they are slightly different in terms of generalised
co-ordinates and velocities, that is, p;(0)=0.1838 m, p,(0) =0 m/s, py(0)=0.0802m, p,(0) =0m/s,
p3(0) =—0.2301 m and p;(0) = 0 m/s.

Fig. 6 displays the phase-trajectory projection from the four-dimensional invariant manifold onto the
P1 X p» phase plane, from which it is clearly seen the non-linear aspect of the multi-mode.
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5. Example 2: elastic pendulum

This section refers to another benchmark test, namely that of a two-degree-of-freedom undamped elastic
pendulum, as seen in Fig. 7.

In this case a 1:2 internal resonance is assumed to happen between the angular and the radial modes. The
results obtained with the proposed procedure are compared with those coming out of direct numerical inte-
gration and very good agreement is observed, in terms of the time responses for each of the two degrees of
freedom. Analytical studies, such as those of Mazzilli (1982), showed that there is a strong interaction be-
tween the radial and the angular modes for the great majority of initial conditions. The energy imparted to
one of the modes is continuously transferred to the other one along the time response. Roughly speaking,
when the maximum amplitude is attained for one mode, the other one has almost null amplitude. Yet, there
are particular starting conditions for which both modes have nearly simple harmonic motions in steady
states, without noticeable energy exchange. Numerical simulations were performed in both cases, with good
results. When the energy exchange is remarkable, it is seen that the response anticipated by the procedure
for multi-mode evaluation proposed here is extremely sensitive to small numerical deviations of the gener-
alised co-ordinates and velocities, producing a large variation upon the modulation period. As a conse-
quence, there appears a shift between the numerical integration results and the multi-mode procedure
after a few cycles.

5.1. Equations of motion

The equations of motion for the two-degree-of-freedom undamped elastic pendulum of Fig. 7, see Mazz-
illi (1982), can be shown to be

P+ Bipr+ B(1 —cosp,) — (1+p))p3 =0

) . (51)
(14 p)*hy +2(1 + p)p1p + B3(1 + py) senp, = 0
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where parameters s (spring stiffness), m (suspended mass) and L (pendulum length) are chosen so that

B, = \/% =9.050 rd/s = 2B,; B, = \/% =4.525 rd/s (52)

If non-linearities up to the quadratic order are kept, a simpler non-linear set of differential equations can be
used instead of (51)

.. 1 )
P+ Bopy + Bopips + 2015, + 210, = 0

According to the notation used in (1) and (2), the following matrices can be recognised, all the other ones
being null

el = [, ] [°K]=[ff ﬂ (54)
) =g 5]
[ID']={3 ?]; [1132}:{? _01] (55)

The generalised co-ordinate p, and its corresponding velocity p, were taken as modal variables of the lower
frequency mode (B; = ff, = 4.525 rd/s), whereas p; and its corresponding velocity p, were taken as modal
variables of the higher frequency mode (By; = f; = 9.050 rd/s). Two simulations are discussed in what
follows, for rather different physical situations concerning the energy exchange between the resonating
modes.

multi-mode procedure direct integration

0.15 h n f It Il

I N f“ ﬂ;
ol
‘vav yov\/v“U,

_—

-0.15 i v U

t(s)

Fig. 8. Time-response for p,(z) co-ordinate.
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5.2. First simulation: large energy exchange

The first numerical simulation corresponds to the case of strong energy exchange between the two res-
onating modes, resulting in a “beating” or modulation effect in the time responses, as seen in Figs. 8 and 9.
In order to perform this study, the initial conditions were set to a;(0) = 0.01, a;(0) = 0.10, 6,(0) =0 and
0n1(0) = 0, which lead to p;(0) = 0.1000, p,(0) = 0, p»(0) = 0.0097 and p,(0) = 0.

Note that in this model there are also cubic non-linearities, besides the quadratic ones. Due to the trun-
cation of the time response expansions for orders larger than &%, small quantitative discrepancies should be
expected. In fact, numerical integration does show slight shifts in the time responses, as compared to the
multiple-scale results, for large times (here, for ¢ > 100 s), although the amplitudes still agree well. This sug-
gests that small differences arise between the numerical and analytical estimates for 0; and 6y, which correct
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the frequency estimates. It is also seen a small difference in the period of amplitude modulation, or “beating
period”. Even so, projections of phase trajectories—embedded on the four-dimensional invariant mani-
fold—onto a phase plane, such as p, x p, in Fig. 10, agree very well for both the numerical and the ana-
lytical solution.

5.3. Second simulation: negligible energy exchange

The second numerical simulation illustrates the case of a quasi-harmonic steady state, as result of a par-
ticular choice of initial conditions—see Mazzilli (1982)—, as seen in Figs. 11 and 12. In order to perform
this study, the initial conditions were set to a;(0) = 0.2829, a;;(0) = 0.1000, 0;(0) = 0 and 0y;(0) = 0, which
lead to p1(0) =0.1050, p,(0) = 0, p»(0) = 0.2740 and p,(0) = 0.

0.4
multi-mode procedure
0.3 direct integration
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0.2 A
0.1
g 0
N
o
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0
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Fig. 11. Time-response for p,(¢) co-ordinate.
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Fig. 12. Time-response for p(¢) co-ordinate.
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Fig. 13. Phase-trajectory projection onto the p; X p, phase plane.

Here, shifts between the numerical and analytical results are small for the earlier times, but grow con-
siderably as ¢ increases.

Another interesting way to recognize the quasi-stationary state of this particular simulation is to inspect
the projections of phase trajectories—embedded on the four-dimensional invariant manifold—onto the
P1 X p> phase plane, as seen in Fig. 13.

6. Example 3: portal frame
The third selected example of multi-mode evaluation is the extremely slender portal frame indicated in

Fig. 14. It was discretised with 14 Bernoulli-Euler non-linear finite-elements—see Mazzilli (1990) and Brasil
and Mazzilli (1993)—, comprising 39 degrees of freedom, as seen in Fig. 15.

m M m
=~ @ ® 9

4m

6m \ 6m
\

Fig. 14. Portal frame with distributed and lumped masses.
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Both columns (length 7 =4 m) and beam (length ¢ = 12 m) are made of 4” x 4” H-type steel rods, for
which the following data apply: Young’s modulus E =2.05x10'"" N/m? mass per unit length
im = 20.5 kg/m, cross section area 4 = 2.61 x 1073 mz, moment of inertia I = 4.45 x 107° m*. The acceler-
ation of gravity was taken as g =9.81 m/s>. Lumped masses, as shown in Fig. 15, m = 3372 kg and
M = 878 kg, are purposefully large to introduce relevant geometric non-linearity into the analysis. In fact,
the large axial force in the columns degrades the frame stiffness, so that the relevant natural frequencies
noticeably decrease. Further, due to the beam large displacements, the deformed equilibrium configuration
cannot be ignored in the analysis. Altogether, this is a remarkably defying example.

It is seen that such a system is internally resonant, when free-vibrations about the deformed equilibrium
configuration take place. In fact, the frequencies of the first two modes are approximately in the 1:2 ratio,

1 14 17 20 23 26 29

3\12 q\\m ?\\18 1821 T\m ?\\27 3230

9 33
8 32
N
—> 7 —> 31
6 36
5 35
N
—> 4 —> 34
3
5 \ a8 )<
——> 1 > 37
Y ANN\\W

Fig. 15. Finite-element model for portal frame.
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i.e. the first symmetric mode frequency (8.13 rd/s) is nearly twice that of the first anti-symmetric or sway
mode (4.09 rd/s), as evaluated from the eigenvalue problem in terms of the tangent stiffness matrix. Should
the eigenvalue problem be solved for the vibrations about the undeformed configuration, the frequencies
would be 8.60 rd/s and 4.45 rd/s, respectively, and the internal resonance de-tuning would appear much
larger.

To obtain the deformed equilibrium configuration for the finite-element model, which is an input for the
multi-mode evaluation, it was used the ANDROS program—see Mazzilli and Brasil (1992)—, based on the
same formulation.

The modal variables chosen were the horizontal displacement at mid span (U; = p;9) and its velocity
(V1 = pyy), for the sway mode, and the vertical displacement at mid span (U, = p,p) and its velocity
(V2 = pyy), for the first symmetric mode.
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Fig. 17. Time-response for V| = p,4(z) modal co-ordinate.
0
10 20 30 40 50 60
multi-mode procedure
ANDRO% analytical model
-0.05

01 | ” , M . ﬂ

P2o(t)
——

T )

-0.2 i

ATRTNRARAE

-0.25

t(s)

Fig. 18. Time-response for U, = pyo(t) modal co-ordinate.
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Numerical and analytical solutions for this problem, considering a simplified two-degree-of-freedom
model, were already addressed in Mazzilli and Brasil (1995), under a different viewpoint than that of the
multi-mode evaluation.

In Figs. 16-19, the time responses for the modal variables are displayed, as they come out from the tech-
nique proposed herewith, from the ANDROS program and also from the numerical integration of the
equations of motion proposed in Mazzilli and Brasil (1995).

The time-responses of Figs. 16-19 reveal a complex non-linear vibration pattern. Comparison of results
is best seen zooming those graphs, say from t =40 s to t = 60 s. For U; = pyo, the multi-mode results agree
very well with those from ANDROS and from the two-degree-of-freedom system, as seen in Fig. 20.
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For U2

5817

= pso, agreement is not as good. For earlier times, the multi-mode results are still qualitatively

close to those from ANDROS, although these latter ones are quantitatively smaller. Yet, the results from
the two-degree-of-freedom system already display a phase shift with respect to those from both the multi-
mode and ANDROS, not to mention larger amplitudes, as seen in Fig. 21. It is expected that the explana-
tion for this might be related to the assumptions and simplifications made upon the displacement field for

the two-degree-of-freedom system.

As time increases, due to small differences in the non-linear frequencies w;

= B, + 0;, the multi-mode and

ANDROS curves also shift from one another, although still displaying the same pattern. For instance, what
happens with the multi-mode results between ¢z = 120 s and 160 s is approximately the same that happens
with ANDROS results between r = 100 s and 140 s, as seen in Figs. 22 and 23. Here, it should be recalled
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that the multi-mode expansions were truncated for terms of order larger than &2, whereas ANDROS takes
into account up to cubic non-linearities.

To check the invariant manifold description of a generalised co-ordinate other than the modal vari-
ables, it was selected p;,, which stands for the beam left-end rotation. The results for p,(Uy, Vi, Us, V5),
as in (42), agree perfectly with those of the time response (35) and those from ANDROS, as seen in
Fig. 24.

The correlation between the multi-mode and ANDROS results for velocities is expected to be worse
than for displacements, as already seen. Fig. 25 shows large deviations for p,,, in spite of fine agreement
for Pi12.
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7. Concluding remarks

The paper addresses the challenging issue of evaluation of non-linear multi-modes for finite-element
models, using the method of multiple scales. The formulation presented herewith was implemented in sym-
bolic mathematics and is capable of handling problems of several tens of degrees of freedom in a PC plat-
form. Substitution of symbolic implementation by faster numerical codes, together with parallel computing
may not only speed up the analyses, but also allow to tackle much larger problems. Pursuing further the
asymptotic expansions up to terms of order ¢*> may lead to even better results, although the essential char-
acteristics of multi-modes in the case of 1:2 internal resonance have already been captured.
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